Abstract. A unitary model describing the electronic transitions in an atom subject to a strong high frequency laser pulse is proposed. The model fully accounts for the initial state coupling with the continuum spectrum. Continuum-continuum as well as discrete-discrete transitions are neglected. The model leads to a single integrodifferential equation for the initial state amplitude. Exact numerical and approximate closed semi-analytical solutions of this equation are obtained. A comparison of present results with full time dependent Schrödinger equation solution for Hydrogen atoms subject to a laser pulse is presented. The initial state time dependent population is rather well described by the model and two approximate solutions. The electron energy spectrum is also well reproduced by the model and by a new improved Weiskopf-Wigner related approximation.
Introduction
In recent years a variational method for describing laser-atom interactions has been proposed. The so called modified Coulomb-Volkov (MCV2 − ) theoretical approximation is based on this two-front approach to provide the ionization amplitudes for atomic multiphoton ionization [1] . For the final state, the Coulomb-Volkov wave function is used. This wave function accounts for continuum-continuum coupling. For the initial state, previous options were either the simple unperturbed wave function or some expansions in terms of intermediate transient states [1] . However, for non-perturbative situations, depletion of the initial state should be considered. In this work we introduce a model accounting for full initial state coupling with the continuum. Any other discretediscrete or discrete-continuum or continuum-continuum transitions are neglected. The discrete state coupled to a continuum has been mostly studied in the context of a time independent perturbation theory [2] . A clear exposition of this treatment has been done by Cohen-Tannudjii [3] . Here we would like to work with the same Unitary model for atomic ionization by intense XUV laser pulses two basic ideas but without any particular assumptions with respect to the initial state-continuum coupling structure. We focus here on the time-dependent problem posed by a short laser pulse interacting with matter. Although a new kind of Weiskopf-Wigner approximation is also derived, we would like to asses the model by numerically solving the single integro-differential equation obtained below. A comparison with the full numerically solved time-dependent Schrödinger equation (TDSE)is performed to obtain the survival probabilities as well as the electron ionization spectrum. There has been recent work on these subjects [4, 5] . However, these authors have worked only within the Weiskopf-Wigner approximation. They formulate a renormalized Coulomb-Volkov approximation RCV2 [4] , and also a reduced set of coupled state equations RSCSE [5] . Our approach is closely related to this work as we formulate the model as standalone, and study its performance to explain both the initial state population as well as the electron spectrum, without using either a Coulomb-Volkov wave function or the variational principle. However, in the present work we have actually solved the single integro-differential equation for the initial-state amplitude. Further, a new improved Weiskopf-Wigner semi-analytical approximation for solving this equation is obtained. Comparison of time-dependent survival probabilities for the model with full TDSE results has also been made. Some authors [6] have attempted to improve on the Weiskopf-Wigner approximation by taking into account counter rotating terms in the rotating wave approximation. Here we are interested in short laser pulses with only few cycles and therefore no rotating wave approximation can be used. The main component of the model is a direct population of the continuum from the initial state. Therefore we consider a laser pulse frequency larger than the ionization potential. On the other hand, full treatment of the initial-state coupling with the continuum is allowed. The simplicity of the model is appealing because once the time-dependent initial state amplitude has been determined, transition amplitudes to all the other states included in the model are straightforwardly established. The sum of the transition probabilities to all the states included in the model remains unity. We have worked in the length gauge. In section II, the formulation of the model is presented. In section III, the results and their comparison with a TDSE calculation for hydrogen under a XUV laser pulse are analyzed. In Sec. IV, some conclusions and future insights to be taken into account are put forward. The proof of the important unitary property of this model is given in the Appendix. Atomic units are used unless otherwise stated.
Theory

The model
In the one-active electron approximation, the laser-atom Hamiltonian in the length gauge, is given by
where
is the non relativistic atomic Hamiltonian in the absence of the laser with atomic potential V a (r). In the laser-atom interaction term, r is the position of the electron and F(t) the laser pulse electric field. The time dependent Schrödinger equation (TDSE) in the dipolar approximation is then given by
We perform the expansion of the time dependent state ket of the system in eigenkets of the atomic Hamiltonian, separating the initial state |i with energy ε i , thus
where |k is the eigenket corresponding to the continuous ε k energy level, respectively. The momentum eigenkets are assumed to be normalized in the momentum scale. When the last expansion is replaced into the TDSE and projected onto each ket considered in the expansion, the following system of first order coupled differential equations is obtained:ȧ
Our main approximation consists in keeping only the terms coupling the initial state with the continuum part of the atomic spectrum. Therefore, the modified (6) readṡ
Formal integration of (7) provides the transition amplitude to the k-continuum states, in terms of the initial state amplitude:
Without loss of generality we take the field as linearly polarized along the z-direction. Thus, for this laser field polarization, V ki = z ki = k|z|i . By replacing (8) in (5), the following integro-differential equation (IDE) for the initial state amplitude is obtained:
This equation may be written aṡ
with the kernel function
The diagram in figure 1 shows the main approximation considered in this work. The coupling scheme accounts for transitions between initial and the continuum states. Therefore the function h(t − t ′ ) accounts for the coupling between the initial state and the continuum part of the atomic spectrum. For atomic Hydrogen in the initial ground state, the function h(t − t ′ ) can be reduced to the integral
In the last equation we have used the dipolar matrix element obtained with the Nordsieck method [7] :
The integral in (12) has been evaluated using methods of integration in the complex plane. The resulting function h(t − t ′ ) is a smooth function peaked near t − t ′ = 0. The equation for the amplitude of the initial state, given by (10) together with the initial condition a i (0) = 1 define an IDE of the Volterra type. Its solution has been obtained numerically using an algorithm based on the Taylor expansion, proposed in [8] . A Filon's like algorithm for dealing with highly oscillating functions integrals [9] has been adapted for computation of the different terms of the IDE. Because of the selection rules for dipolar transition, only states with orbital quantum number l = 1, coupled with the 1s initial state contribute to the expansion of the system ket state. Once the numerical solution of the single IDE has been obtained, transition amplitudes to continuum states are readily worked out using (8).
Ionization rate
The total ionization probability is obtained by integrating the square modulus of transition amplitude to the continuum with momentum k, over the momentum space,
The ionization rate is then given bẏ
where c.c. denotes the complex conjugate of the first term in the right hand side.
Replacing the expression for a k (t) given by (8) , after performing the corresponding temporal derivative, we obtain:
+c.c.
Using (11) the ionization rate may be expressed aṡ
The proof of the unitary property of the model based on the ionization rate given in (18) is given in appendix A. The time-dependent total ionization probability is obtained by a simple numerical integration of this differential equation, bearing in mind the initial condition P ioni (0) = 0.
Approximated analytical solutions
The kernel h(t − t ′ ) defined in (11) is peaked near t ′ ∼ t. By considering a smooth temporal behavior for the initial state amplitude we may use the Taylor expansion of the amplitude a i (t ′ ) to order zero by taking a i (t ′ ) ∼ a i (t). In that case the IDE given in (10) becomes the first order ODĖ
whose exact solution is,
with the function α(t) defined as
This approximated amplitude of the initial state is related to the well known WeiskopfWigner approximation and has been recently used in [4] to compute the Hydrogen ionization spectra by laser pulses. Now we improve this approximation by using the first order Taylor expansion a i (t ′ ) ∼ a i (t) +ȧ i (t)(t ′ − t), obtaining the first order ODE
The solution of this differential equation is
where the function β(t) is defined by
Results
We present the results obtained for atomic Hydrogen under an intense XUV laser pulse. The laser frequency is taken to be larger than the ionization potential. The electric field pulse is defined by
and it is linearly polarized along the z-direction: F 0 = F 0 z. The parameter τ stands for the duration of the pulse, the sine-square factor defines the pulse envelope, ω is the laser angular frequency and ϕ the phase of the carrier. We fix this phase to have the maximum of the pulse at half cycle.
In what follows the laser field frequency is taken to be ω = 0.6 a.u. and a 20 cycles pulse length is considered. We focus here on the module square of the initial state amplitude. In figure 2 , two field amplitudes (0.05 a.u. and 0.1 a.u.) are considered. The scattered plots give the results provided by the TDSE Qprop code [10] . This calculations are shown only for times t i such that A(t i ) = 0. Note that comparison between results obtained in the length gauge (UM)with those obtained in the velocity gauge (QPROP) is meaningless for times other than t i [11] . The survival probability corresponding to the UM approximation is in very good agreement with the TDSE solution for all the pulse duration. The depletion of the initial state becomes significant in the second half of the pulse. Both versions, the full model and its Weiskopf-Wigner approximation (equation (21)), remain near each other along all the pulse duration and agree with the exact survival probability.
In figure 3 we show the same magnitude for stronger laser fields. We display the survival probabilities on the left side for E 0 = 0.2 a.u. and on the right side for E 0 = 0.3 a.u. The model runs closer to the exact TDSE solution even when the initial state depletion becomes important. The unitary property of the model is behind this success as ionization probability does saturate in a unity value for the second half pulse and therefore, survival probability goes to zero. In this case the total ionization and the sum of all transition probabilities have not been displayed since they follow the same behavior as in figure 2 . Figure 4 shows the spectra for the lower field intensities E 0 = 0.05 a.u. and E 0 = 0.1 a.u.. The plots are presented in logarithmic scale in order to appreciate the global 14 W/cm 2 ) (right). Circles, TDSE survival probability obtained with the Qprop code [2] . Dotted line (blue online), solution of (10) . Solid line (red online), Weiskopf-Wigner approximation. Triangles, UM total ionization probability. Wide solid line, total sum of all UM transition probabilities. spectra. The TDSE spectra account for up to four ATI peaks. Again, no appreciable differences are found between the Weiskopf-Wigner calculation and the exact solution of the integral equation. The model displays the first ionization peak in agreement with the one on TDSE. No second ATI peak is shown as by selection-rules this peak is populated with s and d electrons and therefore not accounted for in the model. Recall that only p states are coupled with the initial ground state. However, a small third ATI peak can be appreciated in the model results. This peak is populated by straightforward three-photon transitions from the ground state to the p-states in the continuum, without any real s or d intermediate state. The TDSE structure before the second and the third ATI peaks is due to transient intermediate state populations. Our UM model cannot account for this structure as it corresponds to a two photon absorption from an excited level [1] . The background is well reproduced by the model. Figure 5 shows the same spectra but for higher electric field amplitudes E 0 = 0.2 a.u. and E 0 = 0.3 a.u. We only display the first ionization peak in a linear scale. First of all, we may appreciate a nice agreement between our model and the TDSE results. On the other hand, the Weiskopf-Wigner approximation is larger than the exact TDSE and its maximum position is shifted towards the lower energies. Also the figure shows the improved Weiskopf-Wigner approximation obtained by using equations (23) and (24). This result is one of the main outcomes in this work. The semi-analytical approach has the predictive power of the full UM preserving the simplicity of the WeskopfWigner approximation. We should remark that no rotating wave approximation has been performed. Another indication on the quality of the present approximations can be obtained by analyzing the total ionization probabilities as a function of the electric field amplitude. Table 1 shows the total ionization probabilities. Results obtained with the Weiskopf-Wigner approximation exceed unity for E 0 > 0.2 a.u.. The UM remains closer to the QPROP results up to E 0 = 0.3 a.u.. The tiny declining trend shown by TDSE ionization probabilities between E 0 = 0.3 a.u. and E 0 = 0.4 a.u. is also reproduced by this model. On the other hand, the improved Weiskopf-Wigner approximation model remains close to the TDSE although the unitarity is broken for the two larger field amplitudes. Although full UM is unitary, their approximations do not satisfy this property as expected.
Final remarks
A unitary model has been introduced for the theoretical study of the atom dynamics perturbed by a strong XUV laser pulse. The model leads to a single integro-differential equation that can be easily solved in a numerical way. Simple analytical expressions can be found within the Weiskopf-Wigner approximation and a new improved Weiskopf- Wigner approximation. The model is useful for high frequency laser atom ionization and for lower frequency when applied to negative ion detachment.
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Appendix A.
Here we show the unitary property of the model. Let's define two functions F i (t) and γ i (t) by F i (t) = F (t) exp(iε i ) (A.1)
with h(t − t ′ ) given by Eq. (11) . With these functions the ionization rate Eq. (18) takes the formṖ ioni (t) = −2Re[(F i (t)a * i (t)γ i (t))].
(A.3)
In a similar way, the initial state depletion rate can be obtained using Eq. This means that the total probability to all the states P T OT AL (t) is constant in the whole time interval (0, τ ). As P T OT AL (0) = 1, then P T OT AL (t) = 1 ∀ t ∈ (0, τ ). In other words, the model is unitary.
